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LOCAL DECAY OF SOLUTIONS OF CONSERVATIVE FIRST ORDER
HYPERBOLIC SYSTEMS IN ODD DIMENSIONAL SPACE(Y)

BY
JAMES V. RALSTON

ABSTRACT. This paper deals with symmetric hyperbolic systems, du/d¢ = Lu, where
L is equal to the homogeneous, constant coefficient operator L for |x| > R. Under the
hypothesis that L has simple null bicharacteristics and these propagate to infinity, local
decay of solutions and completeness of the wave operators relating solutions of du/dt
= Lu and solutions of du/dt = Lyu are established. Results of this type for elliptic L are
due to Lax and Phillips. The proof here is based, in part, on a new estimate of the regularity
of the I%-solutions of the equation Lu + (i\ + e)u = g for smooth g with support in
x| < R

Let L be an operator of the form
L 5 A 9 B
= . _— + X
2 4,095 + B

The coefficients 4;(x) are k X k hermitian matrices. They are smooth functions
of x on R" and take constant values 4 for |x| > R. The matrix B(x) is also a
smooth function of x and it vanishes for |x| > R. B(x) is chosen so that L is
formally skew-hermitian. Under these hypotheses the graph closure of L defined
on C{(R") is a skew-hermitian operator on I2(R"). C°(R") and I2(R") denote
the spaces of Ck-valued smooth functions of compact support and Ck-valued
square-integrable functions respectively. The operator

is also skew-hermitian on I?(R"). Thus L and L, generate unitary groups U(f)
and Uy(#) on I*(R"), and the solutions to the initial value problems u(0) = f;
€ CP(R"), du/dt = Lu, and u(0) = f, € CL(R"), du/dt = Lyu, are given by
U@) £, and Uy(?) fo.

In this paper we are concerned with the local decay of solutions to the
hyperbolic system of equations du/dt = Lu. Defining
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I = (f e, 15Pe)"

for f € [*(R"), we say a solution with initial data f decays locally if
lim,,. |U@ S| = 0 for all r > 0. From the standpoint of scattering, the
desirable result is that local decay holds for all initial data orthogonal to Hp, the
subspace of I*(R") spanned by the eigenvectors of L.

From the theory of hyperbolic equations one might suspect that local decay
would depend on the behavior of the bicharacteristic curves of 3/dt — L, or,
equivalently, the bicharacteristic curves of L. However, Lax and Phillips [6] have
shown if L is elliptic one always has local decay on I*(R") © H,. The results we
present here indicate it is the behavior of the null bicharacteristics of L (these are
absent when L is elliptic) which influences the local decay of solutions. Our result
is the following

Theorem L Let A(x,¢) = 3. 4,(x)§;, (x,£) € R*XR"

Assume the following:

(i) The null space of A(x,§) is at most one dimensional for ¢ # 0. This implies
there is a smooth function 7(x,¢), defined on a conic neighborhood of S = {(x,¢) |
det A(x,£) = 0,|¢| = 1}, and vanishing on S, such that det(A(x,¢) — 1(x,£)I)
= 0.

(i) Given (xy,&) € S N {(x,£¢) ||x| < R}and r > 0 there is a T such that the
bicharacteristic curve (x(1), £(7)), %(f) = —(3/08¢)r(x,£), E() = (3/3x)r(x,£), x(0)
= xg, £(0) = &, satisfies | x(s)] > r for |t| > T.

(iii) n is odd.

Under these assumptions:

(a) The point spectrum of L has no accumulation points and with the possible
exception of zero has finite multiplicity.
(b) Given f € L*(R") there exist g. € [*(R") © H, such that

Jim [U@)g: = U@ S =0,
and given g € [*(R") © H, there exist f. € I*(R") such that
Jim U0g - ULl = 0.
(c) Forallf € I>(R")© Hyandr > 0,
Jim. Iu@ s = o.
One might hope to replace hypothesis (ii) by the assumption that the group
velocity |97/0¢| does not vanish on S, but Example 4.1 shows this assumption

does not imply conclusions (b) or (c) (a slight modification of this example would
show it does not imply (a) either). From the standpoint of applications some
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weakening of (i) is desirable.(2) For instance, the linearized equations of magneto-
hydrodynamics fail to satisfy (i). Hypothesis (iii) arises because of our use of the
Radon transform in §2 and in the proof of Corollary 1.3.(3) In view of recent
results of Lax and Phillips [8] it is possible that (iii) is unnecessary. Conclusion
(a) is probably much too weak: all known examples (cf. [11]) have no point
spectrum except for A = 0 and this is an eigenvalue of finite multiplicity. For L
elliptic with the unique continuation property this is the general situation (cf. [7,
Theorem 3.1]). Under hypotheses (i)-(ii) it is easy to show local decay holds for
the group Uy(?) on L*(R"). Hence (c) is an immediate consequence of the second
part of (b). Conclusion (b) gives the existence and unitarity of the scattering
operator relating U(f) and Uy(?).

Our proof of (b) is modeled on the proof used by Phillips and Sarason [9] to
show the existence of the scattering operator in a boundary value problem for an
elliptic L with nonelliptic boundary conditions. We construct generalized (not
square-integrable) eigenfunctions of L satisfying a type of radiation condition
and use these to give an explicit diagonalization of the restriction of L to
subspaces H* and H™. The generalized eigenfunctions are constructed by the
limiting absorption method. This method was developed rigorously by Eidus [1]
and has been widely used in scattering theory to treat elliptic problems and
problems of constant deficit (cf. [2] and [10]). To use limiting absorption here we
require an estimate which will take the place of the coercive estimates from
elliptic theory. This estimate, Theorem 1.1, is proved in §1 and makes essential
use of recent work of Hormander [5]. In §2 we construct the generalized
eigenfunctions and the diagonalizations of L on H, and H_.. We also prove a
crucial preliminary decay result, Theorem 2.2. In §3 we complete the program of
[9] by showing H, + H_ is dense in I?(R") © H,. In doing this we make use of
an operator-valued function Q(r) which approximately commutes with 3/3¢ — L.
The construction of this operator was suggested by the construction in §2.4 of [3].

In the final section, §4, we use Q(f) again to show that the behavior of the
nonnull bicharacteristics of L does influence the uniformity of the rate of local
decay. We show that if L has a simple bicharacteristic which remains in |x| < R
as t — oo, then for all # > 0 and € > 0 one can find initial data f supported in
|x| < R such that |JU@)fII® > (1 —¢)|lf|l. We believe this result could be
deduced directly from [4], but the proof given here is short and self-contained.

I am grateful to Thomas Beale, Andrew Majda, John Palmer, and Ralph
Phillips for suggesting many improvements in a preliminary version of this work.

(2) Added in proof. This extension will require methods different from those used here. One can
construct a 2 X 2 operator L in two variables with diagonal top order symbol such that the
bicharacteristics of L propagate to infinity and the conclusion of Theorem 1.1 does not hold.

(3) Added in proof. Patrick Murphy has pointed out that Theorem 3.3 of [7] can be extended to
the case of even n, simply by considering an operator in n variables as an operator in n + 1 variables
with a vanishing coefficient. Hence, Corollary 1.3 (which is conclusion (a)) holds for even n.
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1. The coercive estimate. We begin by constructing functions to be used later
and fixing notation. Let S = {(x,£) € R" X R" | det A(x,£) = 0, [¢§| = 1]},
and let N(x,£) be the null space of A(x,¢). By hypothesis N(x,£) is one
dimensional for (x,£) € S. Hence, since S = S N {(x,£¢) ||x| < R} is com-
pact and A(x,¢) is independent of x for |x| > R, there is a § > 0 such that
A(x,£) — zI is invertible on N(x,§)* for |z] < 8, (x,£) € S. By continuity
R(x,£,2) = (A(x,£) — zI)™" exists for |z| = & for (x, £) in an open neighborhood
U of S. We may assume U N {(x,£) | x = x,} is independent of x, for |xo| > R
and each connected component of U intersects S. We define a smooth projection-
valued function on U by

P(x,t) = 2——71, gﬁ R(x,£,2)dz.
|z|=8
For (x,¢) € U, A(x,&)P(x,£) = 7(x,£)P(x,¢), where 7(x,¢) is the eigenvalue
of A(x,¢) given by

7(x,¢) = 2:7% | ?; z det Ra%(det R1)d:.
For (x,¢) € S, P(x,£) is the orthogonal projection on N(x,£¢) and 7(x,£) = 0.
P(x,£) and 7(x,£) are extended to a conic neighborhood ¥V O U via P(x,§)
= P(x,£/|¢]) and 7(x,£) = [£|r(x,§/[€]).
The chief objective of this section is to prove the following estimate in Sobolev
norms (||l is just the localized I2-norm, ||f|[, introduced earlier):

Theorem 1.1. Let Lu + A+ elu =g, g € C(x| < R),u € *(R"), 0< ¢
<1, |N| £ K. Then there is an R’ such that given s there is a cutoff a € Cg°,
a(x) = 1, |x| < R, for which

lloaell, < Ci(llglls + NullE).
R' and C, is independent of A, &, and u.

The main ingredient in the proof of Theorem 1.1 is the following estimate due
to Hormander:

Let p(x,£) be a real symbol of order one such that dp # 0 on p~'(0), and let ¥(¢)
be a bicharacteristic strip for p contained in p~'(0), such that the projection of ¥(r)
onto {(x,¢) | |¢| = 1} is injective. Then, given 1,, t, and conic neighborhoods N, and
N, of Y(t,) and {y(1) | 4, < t < t,} respectively, there are symbols of order zero, p, p,
and p,, such that p; is supported in N, i = 1,2, p = 1, on a conic neighborhood of
(@O n <t < b)and

(ll) IIP(-x’ D)u": S Cs,k(”pl(x’ D)u”: + "Pz(st)P(an)“"s + "Pz(xa D)u"—k)

Jor any distribution u.
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This is Proposition 3.5.1 of [5] restricted to the case of real symbols and
restated in quantitative rather than qualitative form (in [5] the conclusion is that
pu is in H* if pyu and p,pu are in H°, but the proof of this yields the estimate
given here). This is an analogue for operators with simple null bicharacteristics
of the basic regularity estimates of elliptic theory.

Given a distribution solution u to Lu + (iA + e¢)u = g we will prove Theorem
1.1 by using (1.1) together with elliptic estimates. However, this requires us to
bound the regularity of u (as measured by ||p, (x, D)u||;) by a constant multiple of
liglls + llullf at some point (1) on each null bicharacteristic emanating from Sg.
By hypothesis (ii), given (xg,£,) € Sg, there is a T such that the bicharacteristic

(x(2),£(2)) with

dxfdt = —(1/3)(x,§),  d&/dt = (37/3x)(x,£),

x(0) = xo, £(0) = &, satisfies |x(r)) > R for |¢t| > T. Thus we may always
choose ¥(1;) = (x(1,),£(#)) with |x(#,)] > R. Even so, the desired bound does not
hold for arbitrary solutions of Lu + (iA + e)Ju = g. A suitable bound with
constants independent of & does hold for the unique solution in L*(R"), as is
shown by the following lemma.

Lemma 1.2. Let (x(t),£(7)) be the bicharacteristic described above. Then there is
a Ty > T and there are pseudo-differential operators ¢.(x,D) of order zero with
symbols @.(x,£) = P(x,£) on conic neighborhoods N. of (x(xT;),&(=T;)) for
which the following holds: If u is the square-integrable solution to Lu + (A F ie)u
=8 8 € C°(Ix| < R), then

llp= (x, DYull; < C,(llgllo + Iluell).
Here C, is independent of e and X for 0 < ¢ < 1 and |\| < K.

Proof. We assume Lu + (iA + e)u = g. The proof for Lu + (iA — eu = g is
identical.

Set (£,£) = ((~T),4(-T)) and set P(t) = P(x,£), 7(£) = r(x,£) for |x]
> R. By hypothesis (ii), 37/8£(¢) # 0. We rotate coordinates in £&-space by a
matrix 0, §* = 0f so that §’ = (1,0,...,0) is normal to the surface 7(§) = 0 at
¢ = Eand a7 0 0*/0¢,(0£) > 0. Next we make a second change of coordinates
n = A(¢") = (1(0*¢'),£5,. .. ,£,). The jacobian of A(§’), A’(¢’), is homogeneous
degree zero and hence det A’(§’) % 0 on a conic neighborhood of 0 = £’.
Suppose there is no conic neighborhood of £’ on which A(¢’) is injective. Then
there are pairs pl, p2 such that pi,/|o}| = £/)¢'| as m > o0, i = 1,2, and
Aph) = A(p}). Since &' - 97 0 0*/0¢'(¢’) = 0,4 = (0,83, ...,&;) # 0. Hence
limy, ..o [0/ l0%| = 1, and now A(€'lo}/Iph|) = A(IE'03/loL) leads to a con-
tradiction to the injectivity of A({’) on an ordinary neighborhood of ¢’. Thus,
defining 1(£) = A(0¢), I(£) is a diffeomorphism of a conic neighborhood C of &
onto a conic neighborhood € of I(£). Let g(¢) be a symbol of order zero such
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that ¢(¢) = 1 on a conic neighborhood of £ and support ¢ is contained in C.
Define q(£) = ¢(£)P(¢), and let Q(D) be the pseudo-differential operator with

symbol ¢(£).
By hypothesis u € I?(R"), and in the sense of distributions

Lou+ (iN+eu=g+ (Ly— Lu=h.
Note support £ C |x| < R. Taking fourier transforms and multiplying by ¢(£),
ir(§)q(€)a() + (A + e)g(€)i(§) = q€)h().

Hence

a1 a@)AE)
QD) = 5 N N 7o

Let Ay(¢) = W(¢|/N)AE) and dy = Y(€|/N)i(¢) where ¢ € C5°(R) and y(s)
= 1 for |s| < 1. Then

[ et E)in(®)
QDY) () = @y [ e B —dt

= (ny " [ explix - 1) 2

where Hy(n) = q(I"!())hy (I~ (n))(det(I*Y (n)). Thus
(12) QDYuy(x) = @)™ [ exp(ix - I\ @))F(m)dn [ exp(—iy - n) Bu(»)dy

where ¢ is a symbol of order zero such that {(n) = 1 on a conic neighborhood
of support g(I~!(n)) and support ¢ is in C.

(13) By(») = [ exp(iA + €)(s = 1)) Hy (5,32, - - . 3n) s
and
Hy(y) = @u)™* [ exp(iy - 1€))(I/N )a (€ )Ac¢) dt.

Let M = (1/i)|(I'(§))*y — x|2((I'(¢))*y — x) - 9/9¢ and choose R’ so that
[(7'¢¢))*y — x| > 1 for |x| < R, |y| > R, & € support q. Then we have for
|y] > R’ and any integer r > 0

a9 B0 = (o f ooy (y Ba)) an),
Letting 9 € CF(R"), ¢(y) = 1 for |y| < R’, (1.4) implies for all m
(1.5) pm((1 = @) Hy(»)) < cmllhll-y
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where p,, denotes the seminorm
pulf) = sup 3 (1+ |xY"| DS
laj<m

and ¢, is independent of N.
Since ||f|_, = sup{(v,f) | v € C&,|I(1 = A)"?v]ly < 1}, we have (assume s is
an even integer)

(16)  loHyl-, < @)™

1@ty PVVEL/N g (§)
(fe( 1€)-x€) (:’+ II(é)lz;I‘/z ds,h)”o.

As I(}) # 0, we may assume that C is chosen so that I(§) # 0 for § € C
N {|¢| = |¢]}. Then (1.6) implies for S sufficiently large

(1.7) lpHylls < cllhll.; and c is independent of N.

Choose p € C*(R) such that p(x) =1 for x < R” — 1 and p(x) = 0 for
x > —R”, where support ¢ is contained in y; > — R”. Then (1.3) and (1.5) imply
for all m

(1.8) pm(P(31)BN(1)) < kAl

where k,, is independent of N, A and .
Using the definition of || |_, we have

I+ 597" (A = p(1)) By (D)5

= sp [+
I(1-2)52vp <1

24 .
(1= 0o(n)) [ eMXIHy (5,3, ..., 35)dsdy

= s [VO)H()
I(1-8)52vp <1

where
V) = [ (1 + )7 (1= p9)exp(@A + (3 = (s, - 0)ds.
Let ¢y € C{(R") equal 1 on support ¢. Since
I = 8)24¥ly < Cli(1 — 8) 2l
where C is independent of e and A for 0 < ¢ < 1 and |A| < K, (1.7) implies

sup [ V()H(()dy
I(1-2)5/2up <1

<cCllily+  sup [ V() = ¢y) Hy(y)dby.
I(1-8)%2ulp <1
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One also has sup,, ez [[V(1, )b < C’llull, and [I(1 — A)%2v]ly < 1 implies [lu]l,
< 1. Thus an application of (1.5) (with m = 1) yields

(19) I+ )7 = o)) Bv)lls < Kl
where k is independent of N, A and e.
Next we set

M = (/DY @) x = 2@ ) x — ) - /3.

Since ((7-')'(n))*x = ((A’(0£))*)™'0x = ((@r o 0*/3£1(0¢))™'(0x),, . . .) where
¢ = I''(n), there is an Ry > 0 such that [(I7')(n))*x —y| > 1 for (0x),
< =Ry, y; > —R” — 1,1 € C. Hence for (0x), < — R, and r sufficiently large

O(D)uy(x)

wioy = (@07 [ exolta - 1) = - )Y Fla) (1 - o)) By )

+ @)™ [ exp(ix - I ) F(n) dn [ exp(=iy - m)o(31)Bu(») .
Now (1.8), (1.9) and (1.10) imply for all m

sup 3 |D*Q(D)uy(x)| < Ky llAll-y
(Ox) <—Rg la|<m
and since Q(D)uy = Q(D)u in I*(R") as N - « and K,, is independent of N,
we have

(1.11) sup > |D*Q(D)u(x)| < K, |Al-,.

©Ox) SR, ldl<m

To complete the proof we only need to observe

(1), £() = (% + (T — 0d7/3¢¢), )

for ¢+ < —T. Since (037/3¢), = (97 o 0*)/3¢] > 0, by taking T; sufficiently large
we may assume (0x(—T;)), < —Ry. Since |||, < c(llgll; + l[ul}), the conclu-
sion of Lemma 1.2 now follows from (1.11).

The following argument reduces the proof of Theorem 1.1 to the preceding
lemma and the theorem of Hérmander cited earlier:

Let (x(£),£(r)) be the bicharacteristic of Lemma 1.2. Choose R’ > R such that
{x(?) |l¢] < T3} is contained in |x| < R’ — 1 and choose f € CP(|x| < R’) so
that f(x) = 1 for |x| < R — 1. Let ¢(x,£) be a symbol of order zero with
supportin {V N (x,£) ||x| < R’ — 1} such that ¢(x,£) = 1 on a conic neighbor-
hood of T' = {(x(2),£(?)) | |l1]| £ T;}. Note that T C {(x,¢)|det A(x,£) = 0}. We
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call an operator @y(x, D)u = @(x, D) fu a cutoff to I'. Given two cutoffs ¢, and
Yo We say Yy > @ if Y(x,¢) = 1 on the support of ¢(x, ).

Given cutoffs, ¢, and ¥y, Yy > @, let P(x,D) be the operator with symbol
o(x,£) P(x,¢) and set B(x, D) = P(x, D) f. Similarly 7(x, D) is the operator with
symbol §(x,£)r(x,£€) and 7(x,D) = 7(x,D)f. By construction, given Lu +
(Nt eu=g,

(1.12) nBu+ MBu + (i\ + ) Bu = Bg + M(B — I,

where M = BL — 1y B is an operator of order zero.
Let @, and ¢y be cutoffs such that g, < ¥ < @, Then

L@(B — Iu) = —(iA * e)go(B — Iu + [L,po(B — I)]Pou
+ [Lgo(B — DT — YoJu + Go(B — I)g.

Let A’ denote the operator with symbol [£|*y(x,¢) and Aj = A*(x, D). Since the
symbol of I — R is the orthogonal projection onto N(x,£)* on the support of @,
IALR@o(B — I))ull, < C,(I1goulls + ||ull¥). However, since A(x, ¢) is invertible
on N(x,§)* for (x,¢) € U, for (x,§) € U, (AJL)*(AJL) + (A5 B)* (A5 B) is
an elliptic operator on the support of ¢(x, ¢) f(x). Thus by Garding’s inequality

l@o(B — Dull}y < C@o(B — I, (A§L)* (A LYo(B — 1))
+ C(@o(B — Iu, (A5 B)* (A5 R)po(B — I)u) + C(lulf)?.

(1.13)

Hence

(1.14) |lgo(I — Bullser < ¢, (ILG U — B)u)ll; + 1AS B@o(I — B)u)l; + llullF).
Hence, combining (1.13) and (1.14) we have

(1.15) Io(8 — Dl < K(Ioull, + llull’ + lgll,)

where K, is independent of e and A for 0 < & < 1, |A| < K. Since [, M] is order
—1, if we rewrite (1.12) as (, + M + (iA = €)I)Bu = p, (1.15) implies

(1.16) Ioplloer < c(oul, + luls” + llglls)-

By Lemma 1.2

lpxllssr < Kera(lgllo + llulls’)
and the symbols ¢. (x,£) = P(¢) on N.. Hence

(1.17) llos Bullssr < Konr(llglo + llulls)

for suitably chosen p., pseudo-differential operators of order zero with p, (x,£)
= 1 on conic neighborhoods of (x(+T),£(+T)). Setting s = 0 in (1.16) and
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(1.17), it now follows from Proposition 3.5.1 of [5] (see (1.1)) that there is a cutoff
00> Po < P, such that

(1.18) lloo Bull < c(llglh + llulc’)-

In Proposition 3.5.1 Hormander considers scalar operators. However, since the
top order part of our operator, %, is scalar, the proof in [5] goes through
unchanged.

Combining (1.15) and (1.18),

looulh < ei(llglh + llullg")-

Choosing new cutoffs which we again call §, and ¥} such that g, < ¥y < po,
(1.15) now implies

lgo(B — DIk < K(llgh + lluls’) and llgopls < K(lglh + llul").

Using (1.17) with s = 1 and applying Hormander’s theorem again, we have a
cutoff p; < @, such that ||p,ul, < c(llglh + |«l¥). Repeating this argument, we
conclude given s there is cutoff p,_, such that

(1.19) llog-rully < Co(llglly + Nulls)

where C, is independent of ¢ and A for 0 < e < 1. In particular p,_,(x,£) = 1
on a conic neighborhood of the original point (x,,,) (see remarks preceding
Lemma 1.2). Since (xg,£&,) was an arbitrary point in Sz and Sy is compact,
we can find a finite set of points (x§,£) € Sz, i = 1,..., N, such that
SN (pioy(x,£))* > 1 on a conic neighborhood of Sg. Since L is elliptic off any
conic neighborhood of S, there is an « € CP(R"), a = 1 for |x| < R, such that

(120)  flaul, < GIE+ %+ ully + 3, ot @l + 1l ).

Thus, combining (1.19) and (1.20), we have Theorem 1.1.
The hypothesis ¢ > 0 was only used in Lemma 1.2. Hence the proof of
Theorem 1.1 also yields

Theorem 1.3. Let Lu+idu=g, g € CF(Ix| <R), u € [*(R), u = 0 for
|x| > R. Then given s there is a C, independent of X and u such that
llaull, < Co(llglls + lull)-
Theorem 1.3 enables us to prove the point spectrum of L is discrete (cf. [7,
Theorem 3.1] and [10]).

Corollary 1.4. The eigenvalues of L have no accumulation points and the nonzero
eigenvalues have finite multiplicity.
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Proof. Since iL is selfadjoint, the eigenvalues of L are purely imaginary.
Consider f € [>(R") with (L + i\)f = 0, A # 0. Let J, be the standard “mollifi-
cation” operator. Then J.f € I2(R") N C* and

(Lo + iNLSf = (Lo — L)JASf + [L, J]f.

Since [L,J;] is a bounded operator on L*(R") and [L,JJv = 0 for all v with
support in |x| > R + ¢, J f satisfies the hypotheses of Theorem 3.3 of [7]. This
theorem is proved via the Radon transform and requires n odd. Hence J.f = 0
for |x| > R + e. Since J.f - fas ¢ = 0, we have f = 0 for |x| > R.

Suppose L has an infinite sequence of orthonormal eigenfactors f, with
eigenvalues i\, and A, = X where A, # 0 though A may be. Then, by Theorem
1L [I£ [, < C where C is independent of n. Since { f|||fl} < C,f = 0, |x| > R}
is precompact in I?, we have a contradiction which proves the corollary.

2. Construction of generalized eigenfunctions. In this section we will construct
solutions to Lu + iAu = 0, A € R, by the limiting absorption method. These
eigenfunctions will satisfy “radiation” and mild regularity conditions which will
enable us to prove a strong decay result (Theorem 2.2) for two subspaces of
initial data. In §3 we will show the sum of these subspaces is dense in
I*(R") & H,.

Let 7j(w) and 7(w), j = 1, ..., k, be functions on the unit sphere S"~! such that
gl = 1,5 > 5> -+ > 7, and for 4y(¢) = 3}, A%¢; we have

Ag(Wr(w) = (ww) Ve € S

The functions 7j(w) and 7(w) may be chosen measurable on S*!.

Since 37/9£(x,¢) # 0 for (x, £) in a neighborhood of S and ¢ - 37/9¢(x,£) = 0
on S, the set Sy = {w € S"! | det A4y(w) = 0} is a smooth submanifold of $*!
of codimension 1 with a finite number of components. Hence S, is a closed subset
of measure zero in $*°1,

For £ € R" — {0} let ¢;(x,£) = e*¢r(¢/|£]). Then

(L = in(E)g;(x,§) = (L — Lo)gy(x.§) = g;(x,£)

is C* in x and has support in x contained in |x| < R. Let y};(x,£) and v, (x,£)
be the square-integrable solutions to

(L - (i5(¢) = ) = g,

and let || ||¥ denote the Sobolev s-norm (s a positive integer) over the ball
|x| < R.
By Theorem 1.1 for £ in a compact set CinR" — {0} and 0 < e < 1

@0 oz OIS < C(&, + loz ()15
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where C, is independent of £ and ¢ and K, = supecllg;( €)ll, < o0. We set
M={ R —{0}]¢/|¢| & Sy,det(4y(¢) — AI) # Ofor i\ in point spectrum
L}.

By Corollary 1.4 the point spectrum of L has no accumulation points. Hence
M is an open subset of R" and M° has measure zero.

Lemma 2.1. Let C be compact subset of M. Then

sup WA EIK < oo and  sup |y (L E)IF < oo.
12e>0;¢€C 12e>0¢4€C

Proof. We will give the proof for v}. The proof for v, is identical. Assume
sup12,>o;£ecl|vj:(~,£)||§' = oo, and set u, = y}/|lv;% I&. Then by Rellich’s com-
pactness criterion and a Cantor diagonal argument we conclude from (2.1): there
are sequences ¢ — 0, § — &, and u € C*(|x| < R) such that 7(§;) > A # 0,
lloit, ¢, €5 7 o0, and

JoEi
e, (x, &) — ulR >0 asi— oo, foralls.
Hence setting h; = (Lo — (i;(§;) + &))u,, we have
(22) llA; = (Lo = L)ull; > 0

for all 5, and h; = 0 for |x| > R.
To study the convergence of u,, for [x] > R we use the Radon transform: for

f € C&(R”) define
1/-9 (n—1)/2
Rf = z(m) ( x.«,=,fdA)'

The mapping R extends to a unitary map of I?>(R") onto the even or odd
functions in I2(R X $*!) as (n — 1)/2 is even or odd (cf. [7, Theorem 2.2]).
Interpreting 9/9s in the sense of distributions, one computes

(23) (Ao(@)3/0s — (i7(&) + &) Ru, = R,

where Rh(s,w) =0, |s| > R. For v € $*! — §, we choose k(w) so that
(W) 2> - 0 2 (@) >0 > mey (@) > - -+ > 7 (w). Then, setting A, = 7,(£),
(2.3) implies
D A+ g (@) - Rhi(o,
k s N+ () - Rh;(0,w) .
* 1=k%)+l f‘°° (exP( 7(w) )(s o)) 7(w) don(©)

forw € §*! - S,
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By (2.2) we have

lim Re [, - b = lim Re [ (Lo~ Lyu, = 0
Hence since R is an isometry

2.5) 0 = lim Re Ru,, - Rhydwdo.

i—>00 RxS"-!

Substituting (2.4) into (2.5), one obtains after brief manipulation

-1 0 00
0= }Lmoo sn-1 gl I'rl(w)l j;oo ds f—oo do

- exp(=e&ils — ol/In(w)|) (exp(—ikis/7(w)) Rhy(s, ) - 1(w))
- (exp(=i);0/n(w)) Rhy(0, 0) - 1(w)).

Since exp((—e;/|m(w)])|s — o]) is a positive kernel and {RA;(,w)} is converging in
L*(ds) for all w by (2.2), it follows by Fatou’s lemma

k
- l—l If(w)l

a.e. in w, where h = (L, — L)u. Hence

0 [ exp(=ins/n(e)) Rh(s,0) - T@)ds|

(2.6) 0= f : exp(iAs/7(w)) Rh(s, @) - 1(w)ds

ae.inw, /=1,...,k
Integrating by parts in (2.4) we have

i\ + g

+ f (exp('}\ + 8’)( - o))_L—)'\iafﬁ:/ aadar,(w)]

+ [—r:(w) * Rh;(s, w)r(w)
K@+ i\t

+f_; (exp(n:;(—:)e")(s - o))wdoﬁ(w)]-

Since (2.2) implies RA; converges uniformly together with its derivatives to Rh
and A, is bounded away from zero, it follows from (2.7) that |Ru, (s, 0)| < c Vi,
s € R, w € §*! — §,. Moreover, Ru,(s,w) converges pointwise on R X {S"!
- So} to

Ru,(s,w) = I;§: [’l(w) Rh;(s, w)r(w)

2.7)
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K@) e j o) -
28) v(s,w) = lgl —]; exp(%(s - o)) (@) - Rhlo, @) ngg(o’ w)dor,(w)
. £ s iA (@) - Rh(o, w)
* I=k%)+l f"” exP(m(s B o))-’——;(;)——-do ().

By (2.6), v(s,w) € L*(R X S*!). Making use of (a) R is an isometry, and (b) R
maps Cp°(R") to C°(RX S"'), we conclude from the preceding that u,
converges in the sense of distributions to an extension & of u with Ri = v, and
in the sense of distributions (L, — iA)# = (L, — L)a. Moreover, by the Lebesgue
dominated convergence theorem Ru, converges to Ri in L*({|s| < R’} X §™!)
and thus (see (2.12)) u,, converges to i in I*(|x| < R’). Thus & # 0 and i\ is an
eigenvalue of L. This contradicts C C C M and completes the proof.
Given a set C CC M, Lemma 2.1 and the estimate (2.1) imply for all s

(. R

(2.9) . éggggll%(é)ll: < .
Hence {y3(x,£) | 0 < & < 1} is a weakly compact set in L2({|x| < R} X C) for
all ¢ cc M. Choosing C,, # M, C,, CC M, and using a Cantor diagonal
argument, we can choose g; — 0 so that ; converges weakly to a function 4* on
{|x] < R} x M in L*({|x| < R} X C,,) for all m. Since the weak closure of a set
is contained within its closed convex hull v* satisfies (2.9) with s = 0. [It is
possible to choose * so that it satisfies (2.9) for all s, but we will not use this.]

From this point on we will consider only y;* but our arguments will apply
equally well to ;. The formula (2.7) remains valid with u, = v}, A; = 7(¢), and
h; = (Ly — L)v%, — g;(x,£) and we conclude

(2.10) |Rvt(5,0,8)| < K, sERwES-S,

and ¢ € C,. Thus, again using weak compactness and a Cantor diagonal
argument, we conclude there is a subsequence of the Ry, which converges
weakly to a function Ry* on R X §"! X M in I2({|s| < m} X §*1x C,) for all
m. We denote this subsequence again by Ry;;. Since the weak closure of a set is
contained in its closed convex hull, we have |Ry'*(s,w,¢)| < K, ae. for
(s5,0,¢) € RX S X C,, and

.10) Ry (s,0,8) - (@) = 0,fors >R I=1,..., k()
" andfors < —R 1= k(@) +1,..., k for (50,€) € RXS™ X M.

The notation Ry;* is justified as follows. For ¢ € C3°(R") the inverse of R is
given by

(2.12) o(x) = % fs ~ (_ 53} )(n-n/zR(p(w o
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cf. [7, Lemma 2.1]. Hence the square-integrable functions on R” given by

w'(x,§) = R{Ry" I's| <n},

n=1,..., 0, satisfy u"(x,£) = u"(x,£) for |x| < n. Defining u(x,¢)
= u"(x,¢) for |x| < n, we have u(x,£) € L} (R" X M). Given Y(¢£) € C(M)
and ¢ € C{(R"), we have

[ weieuxt) = [ $ERe,0) - Ry (s, 0,8)

R"XM RXS*IxM

(2.13) = lim f W(E)Ro(s, ) - Rujh (s,0,£)

RXS™-IxM

=lim [ e ).
* RxM
Thus 5 (x,6) = u(x,£) ac. for |x| < R and we define " (x,£) = u(x,§) ae.for
|x| > R.
Let V = {f € [*(R") | Rf has compact support}, and set 5(¢) = 5(¢/I¢]),
7(€) = |El5(€/[£]). We define an “outgoing representation” , f for f € ¥ by

%.f =F.€) = f&) + (2«r)-"/2 356 [ R RGe)
(2.14) Rt

= jé HEFAE).

The “incoming representation” 9_ is defined analogously substituting v~ for v;*.
We will eventually show %, extends to an isometry from I*(R") © H, onto
I?(R"). The next theorem is the first step in this direction. Following Lax and
Phillips we define “incoming” and “outgoing” subspaces D~ = {f € LXR")I
Rf (s, w)-—g»_(—a7)=0 for s<R, j=1,...,k(w); Rf(s,w)- m—o for s
. >-R, j= k(w) +1L..., k), D*={f e L’(R") | Rf(s,w) - r(w) =0 for s
>-R j=1,. k(w) Rf(s,w) Fw) =0 s<Rj=k(w+1,...,k} re-
spectively.

Theorem 2.1. 3, extends to an isometry from H. = {U()f| f € Dz, t € R}
onto [*(R").

Proof. This proof follows [9, Theorem 2].

We give the proof for %, ; the proof for 4_ is identical.

Since R(Up(9) f ) (s, ) = Zkoy (RF (s — 7(w)t, @) - 5(w))5(w), Up(f) maps ¥ onto
V. U(t) maps functions of compact support to functions of compact support.
Letting ¢y = max,_,{|5(w)|[j = 1,...,k)}, the standard domain of dependence
argument shows U(r) f = Uy(?) f, if f = 0 for |x| < R + ¢yt. Thus U(f) maps V
onto V for all «.
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Given ¢ € C5°(R") set

#.68) = [, UWp - [F5@) + yi(x, §)]dx.

Since L(e™¢5 + vt) = if;(§)(e*%r + y}) + eyt in the sense of distributions, one
has

0pf . -
% = in(§)gj. — ¢ f U(D)g - vt (x, &) dx.

Thus
215) §A(68) = exp(r (@) 0.8) + ¢ [} exp(ig(€)t — )l e’

where m(f) = — f U(9)g - v;;(x, §) dx. Since the Fourier transform is unitary, we
can replace ¢ in (2.15) by an arbitrary f € V. Then we have for ¢ € C5°(M)

[t de
2.16) = [ W) exp(i(€)) ;3 (0,€) dg
vofd [ expln)(e - )YERUOS - Rofdt.

RXS"'xM

Note that the proof showing U(f) maps V to V implies given f € V and [-T, T]
there is a p such that R(U(¢)f)(s,w) = O for |s| > p and ¢t € [T, T]. Thus,
using the estimate (2.10), we see that the last integral in (2.16) tends to zero as
i = oo. Since Ry}, converges weakly to Ry;* in L2({|s| < m} X §*~1 X C,,) for all

m, we have for ally € CP (M)

[ UeFb08)dt = [, W(E)exp (i) F5(0.8)de.
Hence forf € V

2.17) U0 18) = é, exp(ig(€)) (. () - 5E))5(8)

a.e. in .

Moreover, given f € D_ N V, (2.11) implies f,(¢) = f(¢), and by construc-
tion D_ N V is dense in D_. Thus by (2.17) for f € D_ N V, (Uy())f*(t,£)
= (U())f=(t,¢), and &, extends to an isometry on H_. Since the Fourier
transform is a unitary map of I? onto I? it suffices to show {Uy()D_ | t € R} is
dense in L? to complete the proof. However,

(RU)1)(50) = 3, RIG +5(0) - Gy
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and, by Lemma 2.2 of [7], R"! maps the even functions in L*(R, L*>(S""!)) onto
I2(R"). Since T, 7(w) = det Ay(w) # 0 on S5 and S, is a closed set of
spherical measure zero, the desired conclusion follows easily.

The next theorem is the main ingredient in the proof of the existence of the
scattering matrix.

Theorem 2.2. Let P. be the projection on Dt. Then, for f in H_ or H,,
IBU@fllo— 0ast - *co.

Proof. As before we only consider f € H_. Since C°(M) is dense in L*(R"),
Theorem 2.1 implies W = 9} (Cg°(M)) is dense in H_. We begin by showing
IPBU@fllo = 0ast— +co.

Forf€ ¥V N H_and g € CP(M), (2.17) implies

VO 4.) = @5 U0 = 3, [ @6)- T exp(er©0)(e) - FT@) e
- 3 [ © - TOerp 5 @NTE) - 1) de
+ 3 00 [ @© - 7 expi5(€)0)

= @ fo (2 fo G© - T erple- 5 + 5(E10) e ) - T

Rf- Rvj*'(s,w,g)dodw) d¢ by (2.14)

RxSn1

ren [ ([ E a6 e @Ry 6o6)d)

RxS§n-1
- Rf (s, w) ds dw

by Fubini’s theorem, since Ry* € L} (R X S"!X M). Hence, since {Rf]|f
€ V' N H_}is dense in RH_,

k _
oy RUOS = RS, fo 0® - TE)exp (e  x + 506 )

+ (2 fo 6©) - TN Ry 60 £)dt)

and, letting b(x) = f q(¢)e**d¢, we have

o Q)2 RU()S? q = [@. Rb(s + 1)1, 0) -;(Z)g(w))]

+[ 2 f @© el @) Ry G Bt
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Since Rb(s, w) is an element of I2(R X S*°!), the L*-norm of the restriction of the
first term on the right of (2.18) to {(s,w) ||s] < R} tends to zero as t = +c0. To
show the same is true for the second term it suffices to show forj = 1,...,k

@19) 0= Tim || [ (@) - 5E)exp(in(¢)))Ry" (5,0, ) dt

Dlsl<RIxS™)
This will be a consequence of our estimates on Ry*, and a number of
applications of the Riemann-Lebesgue lemma and the Lebesgue dominated
convergence theorem. Introducing polar coordinates in £-space, the function of
(2.19) becomes

220) H(s,od) = [, o [, (q(ow) - 50 )explion(w)e)) Ry s, 0, 00 )™ do.

sn-1
Since ¢(¢) € Cy° and |7(¢/|¢])] > 6 > 0 on support g, the Riemann-Lebesgue
lemma implies for any sequence f; = *co the inner integral of (2.20) tends to
zero a.e. in «’, 5, w. Hence by Lebesgue dominated convergence H(s,w,%) = 0
a.e. as i > 0. However, since | Ry (s,,£)| < C for (s,0) € RX S" ! and £ in
support g, the restriction of H(s,w,) to |s| < R is uniformly bounded by a
constant multiple of the characteristic function of {s ||s| < R} and another
application of L.D.C. gives (2.19). Thus, for f € W, |[RRU@®)flh = 0 as
t— *o0.

From this point the proof may be identified with a subset of the proof of [8,
Lemma 3.8]. For f € W we consider R(U(¢)f). Since U(r)f is a distribution
solution to (3/9t — Ly)U(?) f = (L — Ly)U(?)f, and (L — Ly)U(¢) f is supported
in |x] <R, we conclude R(U(f)f).is a distribution solution to (3/d¢
— Ay(w)3/3s)R(U()f) = 0in |s| > R. Hence

S (RUONG) T = 3 ®s +76e) - (@)

for t <0, s < —R, and for ¢t > 0, s > R. Likewise for t > 0, s < —R, and
t<0,s >R

k _ k S
S (RU@OSNGW)  n@h@ = 3 (Rf)(s + n(w)t @) - 1(w)n(w).
I=k(w)+1 I=k(w)+1

Since f and hence Rf are square-integrable, []%., 7(w) = det 4y(w) # 0 on Sg,
and S, is a closed set of spherical measure zero, it follows ||P,_U(7) fllp = 0 as
t > oo and ||Pp, U(?)fly = O as # = —co. Here Pp, is the projection on D,.
Combining this with ||P. B U(t)fl, — 0 as t = +co0, completes the proof of
Theorem 2.2.

3. Unitarity of the scattering matrix. We begin by constructing a pseudo-
differential operator-valued function of ¢, Q(s). The use of Q() in this section
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could probably be avoided by another application of Hormander’s Proposition
3.5.1 but Q(r) seems essential for the proof of Theorem 4.1. Our construction was
suggested by that of [3, §2.4].

The symbol of Q(f) will be given by a(x,&1)P(x,£) + Q_,(x,£0)/i = Q,
+ Q_,/i, where Q; is homogeneous degree j and P(x,{) is projection operator of
§1.

We want [0/0¢ — L, Q(¢)] to be an operator of order —1. Thus we require

A(x9 s)Q—l (x’ g, t) - Q—l (x’ g’ t)A(x’ g)

(€RY 30,04 9490
=3P+ 3 ( % 9%, % axo) + QB - B = H

i=1
Let P’ = 1 — P. As a first step in the solution of (3.1) for Q_,, we show

rry — oP’ _oP
Q-l = 2 g QO ax
is a smooth solution to
3.2) AQ - 'Q.,4A = PHP.
We have
P’ [ '% Y42 pr IaA aQO ’
P'HP ,?. Pae ot P ox
L 9P’ 9P’
=2 [ % g P+ P g O axi]
since P'P = 0.

’ 2 < _aP, aQO aTQO) ’ ( aQO aTQO aP'
PHP = 3 aei( At o )PP\ Y e o

since Qg4 — 1Qy = AQy — 7Q, = 0.

P'HP' = 2 oP aQOPIA AP/aQO aP

i=1 agi 0x; 9¢; ax,

& P’ aQO ’ /aQO aP')
+

EA-mmrre,

x OP' 9P 9P’ _OP’

= & Tag Qoax At Aag Qoay

Hence 'Q", = 37, 9P’/0¢;Q,3P’/dx; is a solution to (3.2) as claimed. If
PHP = 0, there is a solution ‘Q_, to (4 — 7/)’Q_, = HP satisfying'Q_, P’ = 0.
Hence A'Q_) —'Q_;A = HP. Likewise, if PH* P = 0, there is a solution Q" to
Q~,(rI — A) = PH satisfying P'Q’ = 0. Hence AQ", — Q"1A = PH. A com-
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putation similar to that following (3.2) shows both PHP = 0 and PH*P = 0
reduce to

9a & 0a 0t da Or
33) 0—-&+i§la—§a—x;—a7ia—g;.

Hence, if (3.3) holds we may solve (3.1) with Q_, = 'Q", + Q", + 'Q_, and
Q_, will be a symbol of order —1 depending smoothly on ¢. Given a bicharacter-
istic (x(¢), £(¢)) satisfying X = —097/9¢ and § = 07/9x, (3.3) merely states

(34) 0 = da(x(2),£(0), 1) /at.

Thus we choose a(x,£,¢) constant on the curves (x(7),£(2),7). If we choose
a(x,£,0) = 1 on Sg with a(x, £,0) = 0 outside a sufficiently small neighborhood
of Sk and determine a for ¢ > 0 by (3.4), it follows by hypothesis (ii) that there
is a T, such that a(x,£, ;) = 0 for |x| < R+ 1. We extend a(x,£7) to be
homogeneous degree 0 in ¢ for |¢] > 1 and smooth in ¢ on R" The symbol
0_,(t,x,¢) may be chosen to have support contained in the support of a.

We form Q() with symbol aP + Q_,/i constructed in the preceding paragraph
and given R’, have [[[3/3r — L, Q(OWull¥ < Cgllully for all u € C5°(|x| < R'),
where Cg is independent of ¢ for ¢ € [0, T;]. Moreover, multiplying Q(¢) on the
right by ¥(x, ), Y(x, ) = 0 outside small neighborhood of support a(x, -, 1), y(x, ?)
= 1 on support a(x, -, ), we may assume Q(T;)u = 0 for all u € C{°(|x| < R),
and Q(*)u has compact support for all z.

We are now ready to complete the proof of the unitarity of the scattering
matrix and energy decay. The following lemma is patterned on Theorem 1 of [9].

Lemma 3.1. H, + H_ is dense in [*(R") © H,.

Proof. Suppose we have ¢ € I2(R") such that g 1 (H, + H, + H_). Then, by
the definition of H, and H_, U(f)g L D.Vt and U(f)g L D_ all 2. Hence
R(U(0)q)(s,w) = 0, |s| > R,Vt. By domain of dependence Uy(t — #)U(%)q
= U(t)g for |x| > R + 2¢8 and |t — 15| < 8, where ¢ is the maximum sound
speed of L, ¢ = sup,epe{v - A(x,&)v||€|= 1, [v|= 1}. Let

h(r) € (CZ(R + 28, 0))*
and consider

X

mise) = [, T £ JHlsD A

where Y, is a spherical harmonic of degree m. Rotating coordinates so that
W X =N

ya
, W) = (W = h dy,dy,.
msw) = 2 0o [ pmhlo)dads
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Introducing polar coordinates for y,, ..., y, and setting a = (a;,a’)
o0 2 p
mse) = 3 a@)s [, do @) [T (2 + 2R + V)2,
lal=m s 0

Now if |s] < R + ¢8 the r-integration does not include r = 0 and we can
introduce u = (2 + s2)"2 and get

(3.5)  mls,e) = ”2 by(w)s™ j; O:M ul=m h(u) (u? — s2)H1=3/2 gy,

Now let n(s, w, #;) be the Radon transform of U(#y)g. Then the Radon transform
of Uo(t - to)U(to)q is

3 s + 50~ 10).0.0)5()

(here n; = n(s, @, %) - §(w)) . Letting

0

(n-1/2) 9 \(-12)
lj(S,w,to) = (8_s> nj(s,w,t) and kj(s’w) = (6_s> ”Ei(saw)a

we have
c) = [ Hx¥, ( ,)(U(z)q)(x) [ R, RU®)

= 2 kj(s’ w)Zi(S + T;(“’)(’ - to), w, to)ds'

Is-‘g(w)(t-lo)ls R

sn-t

z o [ k=5 - 1), ) v,0,10) v

[vI<R

and by (3.5) for |Re (¢ — 1,)| < & we have C(f) analytic. Since ¢, was arbitrary,
C(?) is entire. Moreover, since the norm of /(s, w, %) in L2(R X $"*°1) is constant
and

o T = 5(@)t =~ )] < Clt = 127 < C(lm o] + 82+,
VIS Kjjw|=

we conclude C(7) is a polynomial. Since C(¢) is bounded on the real axis, C(f) is
constant. Thus U(r)g(x) is constant for |x| > R.

Leth = U(t;)q — U(ty)q. Then U()h = O for | x| > R. If h is not zero, neither
is = n [}/ U(t)hdt for n sufficiently large. Moreover, ¢ € D(L) and U(1)p
= 0 for |[x| > R.

Now let O(r) be the operator-valued function constructed at the beginning of
this section. We denote the operator —[3/9r — L, Q(#)] by K(f). Then we have
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00(t — 1) U(t)p/3t — L(Q(t — 1,)U(1)p) = K(t — 1,)U()p and by Duhamel’s
formula

(36) 0~ W)U = Ult - QO + [/ Ul - K - 0)U)pds.
For all real s, U(¢) satisfies the estimate

(3.7 U@ fll; < CelIflls.

To see this, assume first s < 0, and let A, denote the operator on L*(R") which
multiplies the Fourier transform by (1 + |£[>)*/2 Then for f € D(L)

(3.8) aA—th(’—H = LA U@ Sf + [A,, LAY A U f.

Since [A,, L]A;! = [A,,L — Ly]A;! is an operator of order zero, and, for Ix|
> R, (A, LA ) (x) = (A, (L — Ly)A ) (x), [As, LIAS! is a bounded opera-
tor on I2(R"). Thus L + [A,,L]A;! is a bounded perturbation of the group
generator L, and therefore generates an exponentially bounded group U(). Since
A, U(1) f is continuously strongly differentiable, (3.8) implies A, U(#) f = U()A,f
and we have

(39) 1A, U@ fllo < Cie M| A fllo.

Since CZ(R") C (L) is dense in H,, (3.7) follows immediately from (3.9).
For s > 0 we argue by duality:

lU@fls = sup

8ECE;llgl-:<1

[ 3u| = suo [ T35

< C_gevfl sup f gfl = C_;e||fl;.

gECE;ligl-s<1

Thus we have (3.7) for all s.
Since [|K(s — £,)U(s)plh < Cllpl, for & < s < T + #,, we conclude from
(3.6) and (3.7) with s = 1

120)U()elh < K IU(R)QO)U(t)plh < K(IQT)U(to + T)elh + lloll)-

U(ty + T)p = 0 for |x| > R and by construction Q()U(f, + Tp)p = 0. Hence

100)U@elh < Kyligl = Co-  Since @ € DL), [LU(elo = (U Loy
< ||Lglly = C;. We may choose a € C{°, a = 1for |x| < R, such that (compare

(1.14)) llaglh < C(ILYlb + |QO)4lh). Thus we have
IU@elh = llaU@elh < C(C + G) V4,
and {U(f)p | t € R} is a precompact set in I?(R"). Since ¢ L Hy, Lemma V.2.3
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of [6] implies there are T, — oo such that U(T)p converges weakly to zero. By
compactness [|U(T;)plo = O for a subsequence T, and ¢ = 0. Thus U(r)g
= gVtand,sinceq 1 Hy, q = 0.

We define wave operators W, and W. by

W.f= lim U(=-n)U®)f.

These limits exist for f € {Uy(¢) D, | t € R}. Since the argument following (2.17)
shows {Uy(0)f| f € D} = {Upy()f| f € D_} = [*(R"), W, and W. are isomet-
ries from I*2(R") into L*(R™).

Theorem 3.2. Range W, = Range W. = [*(R") © H,.

Proof. The proofs for W, and W are the same; we give the proof for W,.
Let h = q, + ¢, ¢ € H_, g, € H,. Then, by Theorem 2.2, ||B. U(t)h]j, < e
for t > T. Letting (I — P.)U(T)h = fwe have fort > 0

1U(f = Ul + T)hlh <,
IU(=t = T)Us(t + T)Us(-T)f] - hlo < e,
W, Up(=T)f = hllp <e.
Since ¢ is arbitrary and the range of W, is closed, we have » € Range W,. By
Lemma 3.1, Range W, C L>(R") © H,. f€ Range W, N H, = |le™f = Up(t)lly —
0 for some # € L%(R"). Since [|Uy(t)hll; — 0 as t — oo forall r (again see
argument following (2.17)), we conclude f= 0.

Corollary 33. H* = H™ = [*(R") © H,. Hence 9, and F_ extend to unitary
maps of [*(R") © H, to I*(R").

Corollary 3.4. The scattering matrix S = W* W, is unitary.
Corollary 3.5. For f € [*(R") — Hyand r < o,

Wwoflo—=0  t—> +ow.

Proof. By Theorem 3.2 3k, € I*(R) such that |[U(?)f — Up()h.lly = O as
t = +o0 and ||Uy(Dh.llp = 0 as t > +oo.

4. Concentration near bicharacteristics and an example of nondecay. In this
section we assume the existence of a smooth real-valued function 7(x,¢) and a
smooth projection-valued function P(x,¢), defined on a conic open set V in
(x, £)-space, such that A(x,&) P(x,£) = 7(x,£)P(x,£). Given a fixed Ay € R, we
define the level set Sy to be {(x,£) € V| 7(x,£) = Ag} if Ay # 0 and define
S ={(x,€) € V[ 1(x,£) = 0, || = 1}if Ay = 0. We assume that S), is closed
in (x, £-space and the null space of A(x,£) — Ay is one dimensional for
(x,€) € S, Let x(f), 0 < t < T, be the curve determined by
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% =-31/3¢, &= 01/dx,
where (x(0),£(0)) = (xo,%) € S, Then we have

Theorem 4.1. Given neighborhoods of x and x; = x(T'), Ny and Ny, there is a
@, € CP(N,) such that || lly = 1 and U@, g™ > 1 — ¢ for all ¢ > 0.

Proof. We build Q(1), 0 < ¢ < T, as in §3, but here a(x,£,0) is chosen with
support in a sufficiently small conic neighborhood of (x,, ;) that the support of
a(x, £ 0) in x is contained in N, and the support of a(x, £, T) in x is contained in
Nr. a(x,£,0) is chosen equal 1 on a conic neighborhood of (xo, &)

Let ¢(x) = y(x)e’*%> where ¢ € C§(N;). Since ¢ € D(L) we have

%%s’(’)i’ = LO()U()e = KU

and K(¢) is a uniformly (for 0 < ¢ < T) bounded operator from H_,(R") to
I?(R"). By Duhamel’s formula

QTIU(T)p - UT)QO)p = [ UT - YKS)U(s)pds
1AT)U(T)p — U(T)QO)ply < T‘EE%IIKO)U(WI% < Cr‘:};r;”IU(t)qoll-..

Hence, using (3.7) with s = —1, we conclude

1a(T)U(T)e — UT)QO)lb < Krllolli-

As k- oo, |lp|; = 0. Since Q(r) was constructed so that Q(T)f vanishes
outside a small neighborhood of the support of a(x,¢, T) in x, we may assume
Q(T)U(T)p = 0 off N.. Hence as k & o«

1U(T)QO)pls ™ — 0.

Since U(r) is unitary on L? to prove Theorem 4.1 it suffices to show we can
choose ¢ so that [|Q(0)plly > 0 as k — 0. The basic estimate from the symbol
calculus of pseudo-differential operators gives

e_ikx'foQ(O)(P - a(xa §0s O)P(x’ 50)4’()‘)

uniformly in x over compact subsets as k = 00. Hence, we choose ¢ so that
P(xg,£)¥(xo) # 0 and then ||Q(0)gll, +> 0 as k — oo.
Theorem 4.1 has the following corollary.

Corollary 4.2. Let x 5 denote the characteristic function of |x| < B. If |x(1)] < B
for all t > 0, the norm of the operator x g U(f)x is one for all t > 0.

Corollary 4.2 says no uniform decay estimate is possible if a simple bicharac-
teristic is trapped for ¢ > 0. However, if the bicharacteristic is not a null
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bicharacteristic and hypothesis (ii) holds, Corollary 3.4 still implies ||xz U(?) flly
— 0ast— oo forall f € I2(R") © H,. Our concluding example shows this can
fail if there are trapped null bicharacteristics.

Example. We construct a vector field on R3 as follows: Let Y(r,s) € CJ° with
Y(r,s) = 0 for (r,s) outside {(r,s) ||s]| < 1,1 < r < 2}. Assume 0 < Y(r,s) < 1,
Y(r,0) = 1 for 4/3 < r < 5/3, and y(s,r) < 1 for s # 0. Then we define for
r=(f+ x%)l/zv V0x, xp,%3) = ¢(r,x3)(~x2/r,xl/r,0) + (1 = ¥, x3))(0,0,1).
Note that v(x) = (0,0, 1) for |x| > /5, and |v(x)| > O for all x. Let x(z,y) be the
solution to x = v(x), x(0,y) = y. r(?) = (x;(2)* + x,(1)*)% = (y? + y2)"?for all
t. Hence x;(t,y) is a nondecreasing function of ¢ with x;(z,y) = 0 as t = oo for
¥3<0,4/3 < (y} +»%) <5/3, and x3(t,y) > 0 as t > —c0 for y; > 0, 4/3
S OF+3)V* < 5/3.

Now let U(7) be the unitary group of I2(R?) given by

UONE) = f&x@y)(@x/3y) (5 y)72.

By the preceding remarks, given f(x) supported in |x| < /5, x3 <0, 4/3
< (o +x3)2 < 5/3, U@ FI® = [Ifllp for £ > 0.

One computes U(r) is generated by L =v-V +1V-v. Hence A(x,¢)
= 7(x,£) = v(x) - £& The bicharacteristic through (y,n) has the form (x(z,y),
£(r,y,m)) where x(f,y) is function defined in the preceding paragraph. If
v(y) - 7 = 0, this is a null bicharacteristic. Thus every integral curve of v(x) is a
null bicharacteristic for the proper choice of 9.
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